A comprehensive framework for design of hexagonal cellular network system in terms of spatial spectral and energy efficiencies is presented. The communication environment in the system is assumed to be Nakagami-m fading coupled with simplified path loss model and co-channel interference. Three base station antenna configurations namely, omni, 120 • and 60 • are considered. Closed-form expressions for spatial spectral and energy efficiencies and coverage probability are derived and illustrated as a function of signal-to-noise ratio, cell radius, reuse distance, path loss exponent factor, and fading figure. A discussion of trade-offs among spatial spectral efficiency, spatial energy efficiency, and coverage probability as a function of parameters of cellular system and propagation environment is also provided. Numerical results show that the use of sectorized antenna system in the cellular network provides significant improvements even under severe propagation and interference conditions. For example, it is observed that the 120 • base station antenna configuration system provides nearly double the spatial energy efficiency relative to the omni configuration system.
Introduction
The ever increasing demand for a variety of mobile communication services has resulted in the expansion of existing cellular network infrastructure. This has caused a huge increase in the energy consumption, particularly at the base stations (BSs) in the network. The BSs account for nearly 18% of the total energy consumption in the network, and a significant amount of it is used for signal transmission [1] . The escalation of energy consumption due to the network expansion results in a corresponding increase in the emission of greenhouse gases [2] . Also, studies have shown an exponential growth in electrical energy consumption by the users of the network [3, 4] . It is predicated that an annual increase in electrical energy consumption of nearly 20% is a conservative estimate for *Correspondence: ahamed6@uwo.ca Faculty of Engineering, Department of Electrical and Computer Engineering, Western University, London, Ontario, N6A 5B9, Canada cellular networks. In order to minimize the effect of global warming and sustainable growth, government agencies are imposing strict limits on greenhouse gas emissions. This has necessitated in the design and implementation of cellular networks that are energy efficient. Towards this goal, European Commission has initiated FP7 projects that include EARTH and ECONET [5] . Until recently researches have used spectral efficiency (SE) as a metric for optimum design of networks and did not pay attention to the energy efficiency (EE) of the network. However, due to the limits imposed on greenhouse gases, it has become important to optimize EE metric for efficient design of cellular networks. Optimizing one metric contradicts with the other, as there always exist a trade-off between EE and SE metrics [6] in any given network. The SE and EE bounds have been investigated over small-and large-scale fading channels using the Moment Generation Function (MGF) approach in [7] . These metrics have been examined using simulations over fading channels, and an adaptive technique is proposed to improve the metrics for a given quality of service (QoS) in [8, 9] . The trade-off between SE and EE for an interference limited wireless network using a power allocation algorithm is examined in [10] . The effect of shadowing and frequency reuse factor on SE and EE for a wireless network is considered in [11] . The SE and EE for a cellular network are examined for a simple interference model and Rayleigh fading environment in [12, 13] . These two metrics have been examined for single-and multi-cell cellular networks subjected to co-channel interference in fading environment in [14] . However, the spatial characteristics of cellular networks are not considered. In a cellular network, it is important to consider the spatial EE and SE metrics. Area spectral efficiency has been introduced in [15] as a performance metric in a cellular network, and it depends on the cellular geometry and reuse distance. In [16] , the trade-off between spatial spectral efficiency and spatial energy efficiency is examined for a cellular network. Optimization of these two metrics is examined for the macro-cell with BSs in pico-cells. Kim et al. [17] have used the same metrics to investigate the performance of a hierarchical cellular network. Zhang et al. [18] have introduced the notion of affected area to examine the spatial characteristics of cellular network. The coverage probability is examined as a function of spectral and energy efficiencies to analyze the performance of cellular networks in [19] . These efficiencies are related to the outage capacity and the coverage probability and are important performance metrics in the design of an energy-efficient cellular network. The effect of path loss and Nakagami-m fading environment on the outage probability for interference-limited cellular network has been investigated in [20] . The analysis has been done by deriving statistical distributions of SNR and SINR for Poisson point process in a wireless network. To the best of our knowledge, spatial efficiency metrics have not been thoroughly investigated for efficient design of cellular network, particularly taking into account the statistical behavior of propagation environment modelled as Nakagami-m distribution. Thus, the intent of this paper is to present a thorough investigation of spatial efficiency metrics and coverage probability of a cellular network as a function of path loss, co-channel interference, cell dimensions, and statistical parameters of wireless environment in the system. The paper is organized as follows. Multi-cell hexagonal cellular network is described in Section 2. The system statistical models, signal-to-interference-plus-noise ratio model, and fading environment are also presented. Section 3 provides definitions of spectral and energy efficiencies for single-and multi-cell systems and closedform expressions for these metrics are derived and illustrated. Section 4 addresses the concept of affected area in a cellular system and an expression is derived for the affected area. Spatial spectral and energy efficiencies are also considered in the same section. In Section 5, coverage probability of multi-cell cellular system is considered taking into account the propagation environment and co-channel interference. Finally, the paper is concluded in Section 6.
Cellular network and propagation environment
A cellular network consisting of homogeneous macrocells with hexagonal tessellation is shown in Fig. 1 . The base stations (BSs) are located at the center of each cell, and a user is assumed to be served by the closest BS. The power and bandwidth resources are assumed to be equally assigned to all cells in the network. The downlink, BS to user, efficiency analysis is of interest in this work. Three different BS antenna configuration are considered in this work: (i) omni, (ii) 120°, and (iii) 60°. Figure 1 shows an omni hexagonal cellular network with R, the cell radius; D, the frequency reuse distance; and D j,i , the interfering distance. The blue cells in Fig. 1 use the same frequency band and hence are the co-channel cells.
Propagation and interference models
In the cellular network shown in Fig. 1 , let the transmission power of j th BS be P j and the mobile user i be served by the closest BS. Thus, the power received at the i th mobile user at a distance of r j,i from the j th BS can be written as
where α is the path-loss exponent, and h j,i is a random variable representing the channel fading coefficient between the user and the BS. The aggregated interference power at the i th user due to co-channel cells can be expressed as
where D k,i is the distance between k th interfering BS and i th user, and N I the number of co-channel interfering cells. The generic expression for the instantaneous signal-tointerference-plus-noise ratio (SINR) at the i th user can be expressed as
where N o is the power spectral density of Additive White Gaussian Noise (AWGN), and B is the bandwidth of the user. The resulting SINR is a random variable in which h 2 represents the power associated with the fading coefficient of the channel. 
User's location model
It is assumed that the users are randomly distributed across a given cell; hence, it is important to model the users' locations in the system. The BS coverage area can be approximated to that of a circle with radius R. The users' locations can be defined using the polar coordinates as:
where r is the distance from the BS and θ is the angle with respect to a certain reference. The probability density functions (pdf ) for r and θ are given by [21] f r (r) = 2r
Using (5) and (6), the user's location can be estimated and hence the path-loss in (1).
Channel model
Wireless channel in the network suffers from various impairments and effects, including small-scale fading, which is due to multi-path effect that causes serious degradation of signal-to-noise ratio (SNR) leading to poor system performance. The received powers in (1) and (2) are randomly scaled by the factor h 2 . Many distributions have been used to model the multi-path fading coefficient h. In this paper, Nakagami-m fading model is used to model h and the pdf of h 2 ∼ G (m, ) is given by
where m is the fading figure,
N o B is the average SNR, and P j,i = P j r −α j,i is the i th user's received power due to path loss at a distance r j,i from the j th BS, and hence, the average SNR is γ j,i r −α .
Energy and spectral efficiencies of single-and multi-cellular system
Bandwidth and power are the two main resources of concern in cellular network planning. Since the demand for high data rates is growing rapidly, SE-oriented cellular network design causes a large increase in energy consumption due to high QoS requirement. The next generation cellular networks therefore should be planned not only for high spectral efficiency but also for high energy efficiency. In this section, the downlink energy and spectral efficiencies are studied considering multi-path fading, co-channel interference, and frequency reuse factor for single-and multi-cell scenarios.
Analysis of single-cell scenario
In this section, the energy and the spectral efficiency metrics for a single-cell scenario with cell radius R as shown in Fig. 2 are examined. The BS serves a set of K users in which the power and bandwidth resources are equally shared among all the users. Thus, each user occupies B Hz of bandwidth and receives power P i . The users are randomly located as described by (4).
Spectral efficiency
The downlink spectral efficiency quantifies the delivered data rate to the users over the bandwidth. In the case of a fading channel where the random fading coefficients are independent, the aggregated downlink spectral efficiency can be expressed as
where K is the total number of users in the cell and the expectation, E, is taken over h 2 j,i . In this scenario, since there is only one BS; the subscript j notation is dropped in the analysis. The downlink received power is P 
By substituting the pdf of γ i , (7), in (9) and using ( [22] Eq. (3.383.10), Eq. (3.326.2)), we get
where and using (5) in (10), the downlink spectral efficiency can be obtained in closed-form as: 
It is apparent that the downlink spectral efficiency is a function of the cell radius, path loss exponent, and signalto-noise ratio.
Energy efficiency
The energy efficiency function can be defined as η(x)/x, x ∈[ 0, X] and indicates the system's resource [24] . In the analysis of the cellular system, η(x) represents the downlink data rate and x denotes the signal-to-noise ratio, which depends on the transmitted power at the BS, noise and channel effects. For a single cell, the downlink energy efficiency can be shown to be given by:
The expectation operation in (12) is done using the pdf of the channel [25] assuming that h 2 i are independent random variables. Using 
where G [.] is the Meijer's G-function [26] . Since r i is a random variable, energy efficiency as a function of cell radius can be obtained by averaging (13) 
Analysis of multi-cell scenarios
In this section, the cellular network with regular hexagonal topology as shown in Fig. 1 is considered, in which co-channel interference is inevitable. The primary interest is focused on the analysis of downlink spectral and energy efficiencies by taking into account the interference and the channel effects.
Signal-to-interference-plus-noise ratio model
The instantaneous SINR given by (3) can be written as
where
N o B is the instantaneous SNR. Assuming all BSs transmit the same power and h 2 k,i and h 2
k,i and hence the average SINR can be written as [12] 
which depends on network geometry. Since the investigation is based on the highest co-channel interference power, the user is located at the cell boundary, r j,i = R. The distance D k,i for each co-channel interfere is determined in terms of R and D. For three cases of BS antenna configurations, the average SINR is expressed as a function of normalized reuse distance, R d = D/R. In the case of omni antenna configuration, the ith user is located at the boundary of cell BS j=0 . Thus, the other co-channel cells BSs j=1,..,6 are sharing the same frequency band and contribute to co-channel interference at the ith user. The aggregated interference power, , is a function of normalized reuse distance and user location angle and path-loss exponent and is given by
where θ is the user's angle, 0 ≤ θ ≤ 2π. When sectorization concept is used in the system, the frequency bands in each cell are disjointly divided into sets and used in different sectors of the cell. Consequently, the co-channel interference is going to be less severe, which leads to better system efficiency. Cell sectorization can be used to improve cellular system capacity and has been investigated [21] . In this paper, two cell sectorization techniques are considered: three sectors in each cell with 120° directivity antennas and six sectors in each cell with 60°d irectivity antenna as shown in Fig. 3 . In the case of 120°a ntenna configuration, there are two BS j=1 BS j=2 that create co-channel interference on the ith user in BS j=0 as shown in Fig. 3a . The interference term can be expressed as function of R d , α and θ as
Similarly, for the case of 60°antenna configuration, it is noted that there is only one BS, BS j=1 , that creates cochannel interference on ith user as shown in Fig. 3b and the corresponding interference can be expressed as
Using the knowledge of average SINR for each antenna configuration, the spectral and energy efficiencies can be obtained using (10) and (13) where the users are randomly located at the cell boundary.
Numerical results of SE and EE
This section presents numerical results for SE and EE for single-and multi-cell networks. For the case of single-cell network, the SE and EE are evaluated using (11) and (14), and for multi-cell network, Monte Carlo simulation has been performed using (10) and (13) . The steps used in simulation are given below, and the system parameters used are given in Table 1 . (17), (18), and (19) for a given BS antenna configuration. 4. The user's SINR at the user's location, γ I j,i , is determined using (15) and (16). 5. The SE and EE are calculated using (10) and (13).
For single-and multi-cell networks, the SE and EE are plotted as a function of SNR for omni, 120°, and 60°sec-torized antenna systems over Nakagami-m fading channel in Figs. 4 and 5, respectively. It is observed that SE is an increasing function of SNR whereas EE decreases monotonically as SNR increases. The single-cell network is superior in terms of SE and EE compared to multi-cell networks as single-cell networks are devoid of co-channel interference. However, for sectorized antenna systems, it is possible to obtain improved SE and EE metrics. For example, the SE and EE for the 60°system approaches that of a single-cell system and these metrics for 120 • system Omni-m=4, multi m=1, single m=4, single is far better than the omni system at high SNR. In contrast, the overall SE of multi-cell system is much higher than a single-cell system. As given by (17)- (19) , the interference is a function of R d , and therefore, SE and EE are function of R d for fixed SNR and the antenna configuration. Figure 6 illustrates the SE for multi-cell systems for Nakagami-m channel and these antenna configurations as a function of R d . It is observed that SE improves as R d increases, which is due to low co-channel interference in the system. As can be seen, 60°system achieves better SE than the 120°and the omni systems. Also, it is evident that fading channel impacts the SE particularly at high R d for the omni system. The EE is plotted as a function of R d in Fig. 7 . It is obvious that EE, for all these antenna configurations, decreases as R d is increased, which implies more transmission power is required at the BS. It is also noted that EE for each antenna system approaches the same value as R d is increased indicating less co-channel interference at the user.
Affected area, spatial SE, and spatial EE
In the previous section, cellular networks were analyzed using SE and EE without considering the spatial characteristics of the cellular system. Expanding the coverage area is an important issue in design of cellular networks, as an increase of the reuse distance D expands the coverage area in the network. The given power transmitted by the BS can affect the QoS of the network for large value D, and hence, SE and EE are required to be examined as a function of coverage area. The spatial SE and EE metrics have been used in [15, 16] to examine a cellular system. The spatial SE (SSE) quantifies how many bit/s/Hz/unit of area of the network can be delivered to the user, and it characterizes the spectral utilization of the cellular system for a certain coverage area. Also, spatial EE (SEE) is defined as the maximum energy efficiency of a cellular network divided by the coverage area. These definitions capture the trade-offs between SSE and SEE of the network. These spatial efficiency metrics depend on the SE and EE of cellular system introduced in Section 3 and the area covered by a BS transmission signal.
Affected area
For the single-cell scenario shown in Fig. 2 , the affected area is the area where a considerable amount of BS transmission power is detected above a certain threshold [18] . This area is a function of BS transmission power, propagation environment, and BS antenna configuration. Hence, the affected area is a useful metric that can be used to quantify the spatial properties of a cellular system. Assuming the BS coverage to be circular as shown in Fig. 2 , the affected area can be written as where F a (γ t , r) is the affected probability. F a (., .) denotes the probability that γ i is greater than specified SNR threshold γ t at a user's distance r and is
whereγ has pdf f γ (γ ) and it is given by (7). For Nakagamim channel, F a is obtained as
By substituting (22) into (20), the affected area for Nakagami-m channel can be derived with the aid of ( [26 
The affected area is plotted as a function of average SNR for specific parameters γ t = 10 and 15 dB, α = 4, and m = 1, 4 in Fig. 8 . It is observed that when m = 1 less area is covered, which indicates the fading channel impacts the affected area. Also, it is noted that low threshold level provides large affected area.
Spatial spectral and energy efficiencies for single-cell scenario
For a single cell, the SSE can be defined as the ratio of the average SE of a cell over the affected area of the BS transmission as
where η d s (R, α) and A a (γ t , α) are given by (11) and (23), respectively. Using the same concept, the SEE can be obtained as
where η d E (R, α) is given by (14) . The SSE and SEE are plotted as a function of SNR for different channel parameters and the SNR threshold, and α = 4 in Figs. 9 and 10, respectively. Figure 9 demonstrates that SSE attains the maximum values in a certain region of SNR, which is the optimum range of operating SNR. Also, it is evident that the affected area has considerable effect on the overall SSE specifically at high values of A N a , as illustrated in Fig. 8 . For example for γ t = 10 dB and m = 4, SSE is below 1.2 bit/s/Hz km 2 and refers to a large covered area. From Fig. 10 , it can be seen that SEE is an exponentially decreasing function of SNR, and the high SNR threshold provides better SEE. It is observed from Figs. 8 and 9 , the optimum range of SNR is in the range 2 ≤ γ ≤ 10 dB, which provides the highest values of SSE and acceptable SEE.
Spatial spectral and energy efficiencies for multi-cell scenario
For multi-cellular networks shown in Figs. 1 and 3 , the SSE and SEE can be defined as the ratio of the average SE and EE of the cellular system to the covered area. In this paper, the frequency reuse distance D is considered and then the corresponding covered area is πD 2 /4n, where n is the sectorization factor. The value of n = 1, 3 and 6 for omni, 120°and 60°, respectively. The SSE and SEE can be formulated as [15] 
Since the SSE and SEE are functions of m, SNR, and R d , they are plotted as functions of SNR and R d for m = 4 using simulation of omni, 120°and 60°directivity antenna multi-cellular systems using the parameters given in Table 1 . Figure 11 depicts the SSE for multi-cell scenario for three antenna configurations as a function of SNR and R d . It is observed that SSE of the 60 • system is superior to omni and 120 • systems as co-channel interference is minimum in the 60 • system. Additionally, SEE is plotted as a function of SNR and R d in Fig. 12 . As can be seen from the figure, SEE degrades as R d increases. It is noted that as R d increases, the coverage area also increases, and to maintain the same SSE, the BS is required to pump more power. Furthermore, it is observed that while SSE is an increasing function of SNR, SEE is a decreasing function of SNR. From Figs. 11 and 12 , we find that the sectorized antenna system can be gainfully employed for designing an energyefficient multi-cellular network; however, antenna system complexity is increased. Shrinking the reuse distance in the network implies reducing the coverage area which will increase the SSE. However, the co-channel interference will increase which will decrease SSE. Thus, it is clear from Fig. 11 that there a is trade-off between these two metrics that ensure SSE stability for R d above 4. Figure 12 quantifies the fact that SEE progressively decreases with the reuse distance and SINR. From this observation, it can be concluded that the reuse distance of 4 has a negative effect on SEE and provides no improvement in SSE. The sectorization antenna system has a significant effect on the spatial efficiency metrics, which attain better SSE and SEE than for the omni system. This is due to the following: (i) the transmission power is oriented to a specific region, (ii) the co-channel interference is less, and (iii) the utilized area is reduced by factor n; however, the system is much more complex. As can be seen from these results, the efficiency metrics are always in conflict with SNR and R d ; hence, the trade-off between these parameters should be considered when designing multi-cell networks.
5 Coverage probability in Nakagami-m fading with co-channel interference Cellular network becomes more energy efficient when the transmitted power at the BS is reduced. However, the BS coverage cannot be guaranteed beyond a certain level of transmitted power. To precisely address the cellular network energy consumption issue, the coverage performance has to be studied in addition to the efficiency metrics. An efficient cellular deployment strategy that minimizes energy consumption has been investigated using coverage probability in [27] . The coverage probability of a user in the jth cell is the probability that the SINR is greater than a certain threshold γ t . For a reference user in the cellular network, it is defined as
Using (15), the coverage probability can therefore be written as where γ ∼ G (m, ) as described in (7) . For a user in the Nakagami-m fading environment, the P cov can be obtained as [28] 
The expectation is taken over the user's position as is modeled in (4) , and the co-channel interference. Extensive simulations were conducted using the parameters shown in Table 1 to evaluate the coverage probability for three BS antenna scenarios. Without any loss of generality, the mobile user is assumed to be located at the cell boundary which is the worst case scenario. The variation of coverage probability with respect to SINR threshold is plotted in Fig. 13 for the three antenna configurations. Also, the impact of fading is illustrated using P cov evaluated for several values of m. Figure 13 shows that the 60 • sectorization antenna achieves better coverage than the 120 • and omni antenna systems. On the other hand, high coverage probability is attained for low threshold values whereas poor coverage is expected for high thresholds. Also, it is obvious that more coverage is acquired for large values of m. Further coverage probability investigations have been done in terms of reuse frequency distance and path loss exponent. Figure 14 depicts how the coverage improves as the normalized reuse distance increases, which indicates lesser influence of co-channel interference. As can be seen, the coverage probability is highly impacted for small values of R d for the omni antenna system; in contrast, the coverage is still high with sectorization of antennas because the signal power is directed to a certain region and hence less interference is taking place. For large values of R d , the coverage for the different antenna systems and path loss becomes tight and approaches unity. Also, it is observed that the propagation environment represented by α, has a significant effect on the coverage probability. From the results obtained, it is evident that the coverage probability is consistent with SE and SSE as a function of SNR and R d , which is clear in Figs. 4, 6 and 14 , and supports the linking between these performance indexes [19] . In contrast, the coverage probability is incompatible with the EE and SEE as it is obvious in Figs. 7, 12 and 14. This implies that designing an energy efficient cellular network requires a trade-off between these efficiency metrics. In Table 2 a comparison of various metrics of a cellular network is provided.
The metrics in Table 2 that shows the superiority of sectorized antenna techniques over omni antenna system in the network. It is clear that the efficiency metrics and the coverage probability are boosted. For instance, the 60°configuration enhances SE and EE by 58 and 107%, respectively. Also, the spatial efficiencies have surged by about three times. The coverage probability approaches a value of unity, when sectorization technique is implemented in the cellular network.
Conclusions
This paper has presented a framework for designing green cellular networks using spatial spectral and energy efficiency metrics and coverage probability. Both theoretical derivations and simulations of these metrics for single-and multi-cell systems with omni and sectorized antenna systems in the cellular network were presented. The investigation in this paper has considered the effect of co-channel interference, signal propagation path loss, and multi-path fading channel on the efficiency metrics. The efficiency metrics have been derived and analyzed in terms of signal-to-interference-plus-noise ratio, reuse frequency distance, cell radius, path loss exponent, users' location, and fading scale. The results show that for design of efficient cellular network, there exist trade-offs among coverage probability, spatial energy efficiency, and spatial spectral efficiency which must be carefully considered in system implementation. The BS antenna sectorization technique can effectively be used to improve the overall energy efficiency of the system efficiencies but at the cost of increasing the complexity of the system.
Methods
The aim of this study is to present a framework for designing an energy-efficient cellular network. The network is assumed to consist of hexagonal cells with radius R and reuse distance of D. Three BS antenna configurations namely omni, 120 • , and 60 • are considered in the design. The design framework is based on spatial spectral and energy efficiencies and coverage probability metrics subject to co-channel interference, path loss, and Nakagami-m propagation environment. The signalto-interference-plus-noise ratio (SINR) for an arbitrary user for the worst case location in a cell is first obtained. Next, the spatial spectral and energy efficiency and coverage probability metrics are described in terms of SINR.
The SINR is a function of random location of the user, cell radius R, reuse distance D, path loss exponent α, and statical parameters of propagation environment. 
